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ABSTRACT. We study the boundedness of rough Fourier integral and pseudodifferential 
operators, defined by general rough Hormander class amplitudes, on Banach and quasi- 

■^^ ' Banach LP spaces. Thereafter we apply the aforementioned boundedness in order to im- 

prove on some of the existing boundedness results for Hormander class bilinear pseudodif- 
ferential operators and certain classes of bilinear (as well as multilinear) Fourier integral 
operators. For these classes of amplitudes, the boundedness of the aforementioned Fourier 

Q^ ' integral operators turn out to be sharp. Furthermore we also obtain results for rough mul- 

^M , tilinear operators. 

-I— > 
3 ■ 

1. Introduction and summary of the results 

A (linear) Fourier integral operator or FIO for short, is an operator that can be written 
locally in the form 

£ i T a f(x) = (2*)-" /' e^^a(xX)M)^, 

^-v ' where a(x,£,) is the amplitude, <p{x,£,) is the phase function and / belongs to Cq(W). 

In case the phase function (p(x,£,) = (x, §), the Fourier integral operator is called a pseu- 
dodifferential operator, which in what follows will be abbreviated as IDO. The study of 

^r^ . these operators, which are intimately connected to the theory of linear partial differential 

operators, has a long history. There is a large body of results concerning the regularity, 
e.g. the LP boundedness, of FIOs and ^DOs, but due to the lack of space we only mention 
those investigations that are of direct relevance to the current paper. 

The most widely used class of amplitudes are those introduced by Hormander in [16], 
the so called S'" g class, that consists of a(x, E, ) £ C°°(IR" x W) with 



\dpla{x,^)\<C a ^\ 



\m— p\a\+S\p\ 



m £ R, p,8 £ [0, 1]. For phase functions one usually assumes that (p £ C°°(R" x M." \0) 
is homogeneous of degree 1 in the frequency variable £, and satisfies the non-degeneracy 
condition, that is the mixed Hessian matrix L — ft-1 has non-vanishing determinant. 



The sharp local V (p £ (1,°°)) boundedness of FIOs, under the assumptions of a (x,%) £ 
P.i-p 1 



S™!_. being compactly supported in the spatial variable x and p £ [i,l], m = (p— n)\\/p 
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1/2 1 was established by A. Seeger, C. D. Sogge and E.M. Stein [22]. The global LP bound- 
edness of FIOs (i.e. boundedness without the assumption of compact spatial support of 
the amplitude) has also been investigated in various contexts and here we would like to 
mention boundedness of operators with smooth amplitudes in the so called SG classes, 
due to E. Cordero, F. Nicola and L. Rodino in [8]; the boundedness of operators with am- 
plitudes in S'i'q on the space of compactly supported distributions whose Fourier transform 
is in L P (M") (i.e. the PFLP spaces) due to Cordero, Nicola and Rodino in [7] and Nicola's 
refinement of this investigation in [20]; and finally, S. Coriasco and M. Ruzhansky's global 
LP boundedness of Fourier integral operators [9], with amplitudes that belong to a certain 
subclass of S\q. 

In this paper we consider the problem of boundedness of Fourier integral operators with 
amplitudes that are non-smooth in the spatial variables and exhibit an LP type behaviour 
in those variables for p £ [1,°°]. This is a continuation of the investigation of bounded- 
ness of rough pseudodifferential operators made by C. Kenig and W. Staubach [18] and 
that of regularity of rough Fourier integral operators carried out by D. Dos Santos Ferreira 
and W. Staubach [10], where the boundedness of the aforementioned operators were estab- 
lished under the condition that the corresponding amplitudes are L°° functions in the spatial 
variables. 

One motivation for the study of these specific classes of rough oscillatory integrals 
whose amplitudes have LP spatial behaviour is, as will be demonstrated in this paper, its 
applicability in proving boundedness results for multilinear pseudodifferential and Fourier 
integral operators. 

A study of rough pseudodifferential operators without any regularity assumption in the 
spatial variables were carried out in [18] and A. Stefanov's paper [23], where the irreg- 
ularity of the symbols of the operators are of L°° type. Prior to these investigations, a 
systematic study of pseudodifferential operators with limited smoothness was carried out 
by M. Taylor in [25] The corresponding problem for the Fourier integral operators were 
investigated in [10]. In the case of LP spatial behaviour, an investigation of boundedness of 
pseudodifferential operators was carried out by N. Michalowski, D. Rule and W. Staubach 
in [19]. To our knowledge, there has been no investigation of regularity of rough Fourier 
integral operators with LP spatial behaviour prior to the one in the present paper. 

Turning to the multilinear setting, in our investigation we shall consider multilinear 
Fourier integral operators of the form 



T a (f u ...J N )(x)= a( X ,^,...,^)e i ^^ x ^l\Mj)d^...di 



The amplitude a(x,%\, . . . , £,n) is usually assumed to be smooth in all the variables, satis- 
fying an estimate of the type 

^/^...^o^,^!,...,^)! <c: CCl ... ct7V . j6 (i + |^ 1 | + ---l^|)"'- pi: ^ 1 l^l +51 ^ 1 , 

for some m £ M., p,8 £ [0, 1] and all multi-indices ai,...,0f;v,j3 in Z'_j_. However in this 
paper we shall also investigate multilinear FIOs that are rough (i.e. LP) in the spatial vari- 
able x. The phase functions (Pj(x, £,j) in the definition of the multilinear FIO are assumed 
to be C°°(R" xl"\ {0}) and homogeneous of degree 1 in their frequency variables. Fur- 
thermore, we require that the phase functions verify the strong non-degeneracy conditions 
\detd^(Pj(x,$)\>Cj>0foTJ = l,...,N. 
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Bilinear FIOs of the type above already appear in applications, for example in the study 
of non-linear wave equations in the work of D. Foschi and S. Klainerman [12], which 
serves as our second motivation to consider these specific types of operators. 

When the phase functions (pj (x, £,j ) = (x, £,j) , the above operators are called multilinear 
pseudodifferential operators. There exists a great amount of literature concerning these 
operators, in particular for those that can be fit within the realm of multilinear Calderon- 
Zygmund theory. This case was thoroughly investigated and optimal results were obtained 
in the seminal work of L. Grafakos and R. Torres [15]. But, for more general Hormander 
classes of bilinear operators that fall outside the scope of Calderon-Zygmund theory, there 
has been comparatively little amount of activity. To remedy this situation, attempts were 
made in [19] and also in a work by A. Benyi, F. Bernicot, D. Maldonado, V. Naibo and R. 
Torres [4,5], where the results in [19] were improved an extended in many directions. 

For the multilinear Fourier integral operators, the situation is rather different in that 
their study started recently in the paper of L. Grafakos and M. Peloso [14]. In that paper 
the authors considered operators with phase functions that are more general than those 
that will be considered here, but with more restrictive conditions on the support of the 
amplitudes involved and on their order and type. However, Grafakos and Peloso [14] also 
obtained results concerning boundedness of bilinear Fourier integral operators of the exact 
same type that are considered in this paper, and one of our goals here is to provide further 
extensions in that direction. 

To summarize, the aims of this paper are to extend the existing boundedness results for 
rough linear 'PDOs (e.g. those in [18]) and FIOs (e.g. [10]) and as a bi-product, improve on 
the results in [19] and [4] on boundedness of Hormander class bilinear pseudodifferential 
operators, and also on those in [14] concerning bilinear FIOs that coincide with the ones 
considered here. Moreover we will also establish sharp results concerning boundedness of 
certain classes of Fourier integral operators with product type symbols (see Definition 5.2) 
and thereby generalize a result in [6] to the setting of multilinear FIOs. We would also like 
to mention that several results here concerning multilinear operators are also valid without 
any smoothness assumptions in the spatial variable of the amplitudes . 

2. Classes of linear amplitudes and non-degenerate phase functions 

In this section we define the classes of linear amplitudes with both smooth and rough 
spatial behaviour and also the class of phase functions that appear in the definition of op- 
erators treated here. In the sequel we use the notation (£,) for (1 + |<i; | 2 )'/ 2 . The following 
classical definition of amplitudes/symbols is due to Hormander [16]. 

Definition 2.1. Let m e R, < p , 8 < 1 . A function a{x,E,) G C°°(R" x W) belongs to the 
class S™ s , if for any multi-indices a, j3 it satisfies 

sup {B,)-' n+ P\ a \- S \l i \\d?dl a(x,£)\ < +oo. 

We shall also deal with the class L p S"p of rough amplitudes/symbols introduced by 
Michalowski, Rule and Staubach in [ 1 9] , which is an extension of that introduced by Kenig 
and Staubach in [18]. 

Definition 2.2. Let 1 < p < °°, m g R and0< p < 1. A function a(x,^), x,£, g R" belongs 
to the class L p S'p, if a{x,E,) is measurable in x G R", a(x,^) £ C°°(Wl) a.e. x G R", and 
for each multi-index a, there exists a constant C a such that 

ll^«(^)jl W <Ca^)'"- p|a| . 
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Here we also define the associated seminorms 



|a|<.v?GR" 



m 



Example 2.3. //"& G L p a«o? #(*>§) 6 L°°Sp //ze« fe(*)a(;c,£) G Z/S™. In particular, the 
same holds for a{x,t,) G 5™ s , with any < p,8 < 1 . 

Example 2.4. Tafce y/ G C^(R) with support in [—1,1], and h be an unbounded function 
in the Zygmund class L eX p[— 1, 1] (see [3, Chp. 4]). Then e'$ ( x 'y/(x) G L p S n p l . In particular 
e'^°s\ x \}j/(x) belongs to VS^for any p < °°. Observe that in this case, for every x 7^ 0, 
a(x,t;) GC°° and\\d?a(-,E,)\\ LP <°°for all p ^°°, but for any a > 0, \\d?a(-,E,)\\ L ™ = +°o. 
More generally, ifh, \j/are as above and O is a real valued function in S™ (R)form < 
then e lh ^ a ^\lf{x) is in the class L p S"'for any p<<*>. 

We also have the following simple lemma concerning the products of rough amplitudes 
which follows directly from Leibniz's rule and Holder's inequality. 

Lemma 2.5. If a G LPS" p n and b G LflS'p 1 then a-be L r Sp' +mi where \ = \ + \,\<p,q< 
°°. Moreover, if "(](£,) G Cq and a e (x,%) = a{x,t,)r\{et l ) and £ G [0, 1), then one has 



sup sup (^)-'«+Pl«l dfa e {-^) 
o<e<i£eR" 



< c rj,|a|,p l fl lp, m .|a| ■ 



We also need to describe the class of phase functions that we will use in our investiga- 
tion. To this end, the class <P k defined below, will play a significant role in our investiga- 
tions. 

Definition 2.6. A real valued function (p(x, <Z, ) belongs to the class <E> , if(p(x, <Z, ) G C°° (R" x 
R" \ {0}), is positively homogeneous of degree 1 in the frequency variable t,, and satisfies 
the following condition: 

For any pair of multi-indices (X and j3, satisfying \cc\ + |j3| > k, there exists a positive 
constant C a a such that 

(1) sup \Z\- l+ W\d?d?<p(x,t;)\<C a .p. 

(x,£)eR M xM"\{0} 

In connection to the problem of local boundedness of Fourier integral operators, one 
considers phase functions (p(x,£,) that are positively homogeneous of degree 1 in the fre- 
quency variable t, for which det[<9 2 . <p(x, §)] 7^ 0. The latter is referred to as the non- 
degeneracy condition. However, for the purpose of proving global regularity results, we 
require a stronger condition than the aforementioned weak non-degeneracy condition. 

Definition 2.7. A real valued phase (p G C (W x W \ {0}) satisfies the strong non-degeneracy 
condition or the SND condition for short, if there exists a constant c > such that 



(2) 



det- 



dxjd^k 



>c, for all (x, £)gR"xR"\{0} 



Example 2.8. A phase function intimately connected to the study of the wave operator, 
namely (p (x, £ ) = | E, \ + (x, ^ ), satisfies the SND condition and belongs to the class <J> . 

As is common practice, we will denote constants which can be determined by known 
parameters in a given situation, but whose value is not crucial to the problem at hand, by 
C. Such parameters in this paper would be, for example, m, p, p, n and the constants 
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appearing in the definitions of various amplitude classes. The value of C may differ from 
line to line, but in each instance could be estimated if necessary. We also write sometimes 
a < b as shorthand for a < Cb. 

3. Tools in proving boundedness of rough linear FIOs 

Here we collect the main tools in proving our boundedness results for linear FIOs. 
The following decomposition due to Seeger, Sogge and Stein [22] is by now classical. 
One starts by taking a Littlewood-Paley partition of unity 

(3) *o($ ) + £>.,(§) = 1. 

7=1 

where supp ¥ C {§; |§| < 2}, supp *P c {£,; \ < |£ | < 2} and <Fj(§) = *P(2-J£). 

To get useful estimates for the amplitude and the phase function, one imposes a second 
decomposition on the former Littlewood-Paley partition of unity in such a way that each 
dyadic shell 2 7 ~ ' < 1 1, \ < 2 ;+ ' is partitioned into truncated cones of thickness roughly 2 5 . 

Roughly 2 s such elements are needed to cover the shell 2 7_1 < ||| <2 ;+1 . For each j 
we fix a collection of unit vectors {<^}v that satisfy, 

(i) is; -<*/|> 2^, if v^v'. 

(2) If | e §"- ' , then there exists a £J so that || - §J | < 2^ . 
Let ry denote the cone in the B, space whose central direction is ^J, i.e. 






One can construct an associated partition of unity given by functions xj> eac h homoge- 
neous of degree in £, and supported in T^ with, 

Y,X]{$) = h for all <^0 and ally, 

V 

and 

(4) IW(«)l<C«2^|§rN, 
with the improvement 

(5) \dlx]^)\<C N \^\- N , for iV>l, 

if one chooses the axis in t, space such that |i is in the direction of £V and £' = (§2, ■ ■ ■ , | n ) 
is perpendicular to £ v . Using *Py's and xj' s > we can construct a Littlewood-Paley partition 
of unity 

7=1 v 

Now to any of the classes of amplitudes and phases defined in Section 2 one associates a 
Fourier integral operator given by 

(6) Taf(x) = -±- f e^)a( X ,t;)M)d$- 
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Using the Littlewood-Paley decomposition above, we decompose this operator as 

(7) r /(*) + ££77/(*) = -i-/ e <^a(^m^)/(<^ 

+ 7OTEE / e^^'^aix^xji^j^m^. 
We refer to 7b as the low frequency part, and Tj as the high frequency part of the FIO T a . 

Now, one introduces the phase function <P(x,E,) = (p(x,£,) — ((Vc(p)(x,t; f),£,) and the 
amplitude 

(8) A](x£) =e^ x ^a(x^) X J(^j^). 

It can be verified (see e.g. [24, p. 407]) that the phase 4>(x, £, ) satisfies 

(9) \(^f^(x,^\<C N 2- N J, and 

(10) |(V 5 0"*(jc,S)|<C«,2^, 

for 7Y > 2 on the support of A J (x, i* ) . 

Using these, we can rewrite Tj as a FIO with a linear phase function, 

(ID Tjf{x) = -±- j Aj(x^y« V ^)^ V ^>/(^)d^. 

1 \2n) n Jr" J 

In this paper we will only deal with classes <P l , and more importantly <P 2 , of phase func- 
tions. In the case of class <$> 2 , we have only required control of those frequency derivative s 
of the phase function which are greater or equal to 2. This restriction is motivated by 
the simple model case phase function <p(x,!;) = \^\ + (x,^) for which the first order !;- 
derivatives of the phase are not bounded but all the derivatives of order equal or higher 
than 2, decay away from the origin and so <p(x, t, ) € 4> 2 . However in order to handle the 
boundedness of the low frequency parts of FIOs, one also needs to control the first order £, 
derivatives of the phase. 

The following phase reduction will reduce the phase to a linear term plus a phase for 
which the first order frequency derivatives are bounded. The proof can be found in [10, 
Lemma 1.2.3] for amplitudes in LTS'p, but the same argument also holds for amplitudes in 
anyZ/S™. 

Lemma 3.1. Any FIO T a of the type (6) with amplitude a(x, t,) £ LPS"! and phase function 
(p(x, £, ) £ 4> , can be written as a finite sum of Fourier integral operators of the form 

(12) J_ J a^y^m^^.QA)^^ 

where £ is a point on the unit sphere S"~\ \j/(x,£,) E O 1 and a(x,£,) £ L P S"2 is localized 
in the t, variable around the point £. 

We will also need a uniform non-stationary phase estimate that yields a uniform bound 
for certain oscillatory integrals that arise as kernels of certain operators. To this end, we 
have: 
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Lemma 3.2. Let Jf? C W be a compact set, U D ,%f an open set and k a nonnegative 
integer. Let § be a real valued function in C°°(U) such that |V0| > and 

l<?>|<|V0|, <5"(l v </>| 2 ) <|V0| 2 , for all multi-indices a with \a\> 1 

Then, for any F £ Cq (J(f), any integer k > and any A > 0, 

X k f F(§)«^«)d| <C k , n , x £ / |3«F(4)||V0(4)|-*d^. 

Proo/ Let *P = | V0 1 2 . We observe first that for any multi-index a with | a \ > 0, | d a ( 1 /W) \ < 
(l/'P). The assertion is trivial for \a\ = 0. Let |a| > 1 and suppose that |5 r (l/ v I , )| < !/*¥ 
for any multi-index 7 with |y| < \a\. Leibniz rule yields 



/3<a \r/ 

from which, by the induction hypothesis and the assumption on *P, the claim follows. 
Let us define Aq = F and 



l/lr-Jl 



<?,-, A 



iji,~ Ji-i 



// V *-i 



w? , 



for£> 1, _// e {!,...,«} for Z € {0, ...,k}. Observe that, for any multi-index a, \a\ > 0, 



^a f A ii-J* 



!£ (J)(y)r^ i,tI ^ 3,, " ,, " r(1/,?) 



Proceeding by induction, one can see that for k > 1 and for any multi-index a with |ot| > 0, 

h 
(13) 



A J . u -' Jk €C^{je)and 



d a A J k l ]k 



\B\<\a\+k 



d P F vp-V2. 



,„ djij) 



Since 1 = ££=i ^r<5/0, and ikdj(j>e a ^ = dj (e a $), integration by parts yields 
(-&)*/ F(§)e tt *G>d§ = £ / a£ V*^d§. 



Jl,--Jk~ 



Then the result follows by taking absolute values of both sides and using (13) for \a\ — 
0. □ 



4. Global L 9 - U boundedness of rough linear Fourier integral and 

PSEUDODIFFERENTIAL OPERATORS 

In this section we shall state and prove a boundedness results for rough ^DOs and FIOs 
(with smooth strongly non-degenerate phase functions), extending the results in [10, 18]. 
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4. 1 . Boundedness of FIOs. First we deal with the boundedness of FIOs by doing a sepa- 
rate analysis of the low and high frequency parts of the operator. Using the decomposition 
in (7), we shall first establish the boundedness of the low frequency portion of the Fourier 
integral operator given by 

Tof(x) = y^- / «'*k»a(*,$)*Po($)/($)d$, 

{2K) n Jw 

where ^o € Cq and is supported near the origin. Clearly, instead of studying 7b, we can 
consider an FIO T a whose amplitude a(x, £,) is compactly supported in the frequency vari- 
able 4 . In what follows, we shall adopt this and drop the reference to Tq. But before, 
we proceed with the investigation of the L q — II boundedness, we will need the following 
lemma, whose proof is a straightforward application of [10, Lemma 1.2.10] 

Lemma 4.1. Let r\ (B, ) be a Cq function and set 

K(x,z)= [ TjCDe'M^+k^cMJ, 

Jw 

where \j/(x,£,) € 4> . Then for any a € (0, 1), there exists a positive constant c such that 

\K(x,z)\<c(l + \z\)-"- a . 

Observation 4.2. In what follows the norms of the operators involved will depend on 
various parameters and a finite number of seminorms of the corresponding amplitudes (as 
in Definition 2.2). Therefore, we refrain from emphasizing this dependence in the statement 
of the theorems. 

Theorem 4.3. Suppose that Q < r <°°, 1 < p,q < °° satisfy the relation - = - + -. Assume 
that (p £ *& satisfies the SND condition and let a € LPS'p with m < 0, < p < 1, such that 
suppc a(x, §) is compact. Then the FIO T a defined as in (6) is bounded from L q to II . 

Proof. Consider a closed cube Q of side-length L such that suppc a(x,%) C Int(Q) . We ex- 
tend a(x, -)\q periodically with period L into a(x,£,) <G C°°(Wl). Let 77 6 Cq with supprj c 
Q and tj = 1 on £, -support of a (x,%), so we have a(x,£,) = a(x,%)T](%), Now if we expand 
a(x, % ) in a Fourier series, setting fy (x) = f(x — ^= ) for any k <G Z" , we can write 

(14) T a f{x)= £ a k (x)Tr,(f k )(x), 

keZ" 

where 

L" Jw 1 
and T n (f k )(x) = {2n)~ n Sr]($)e i<l>{ - X & %{%)&$. Let us assume for a moment that T n is a 
bounded operator on L' 1 . Take I = !,...,« such that \ki\ 7^ 0. Integration by parts yields 



is on the amplitude and I 
^a(-,§) d| <c„, w , p 



Observe also that, by the hypothesis on the amplitude and Lemma 2.5 



max 

s=0,...JV 



a \p,m,N- 



for Af = [max(n, n/r)] + 1. Thus 

(15) \\a k \\ LI , <c, hN . p \a\ p ^ N (\ + \k\)- N . 

Let us first assume that r > 1 . Then the Minkowski and Holder inequalities yield 
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(16) \\Taf\\ir< E \\ a k T ri(flc)\\ L r < E INIlpH^C/JOIIw 

keZ n keV 

On the other hand, since we have assumed that T^ is bounded on L q and the translations 

are isometries on L q , we have that ||7ri(./ifc)||ra < c^ j(p ||/|| l? . Therefore (15) yield 

WafWu £ K,„,N L (1 + \k\r N \\f\\ L « « ll/llw • 

fceZ" 
Assume now that < r < 1. Using (14) and Holder's inequality we have 



\T a f( x )\ r dx< £ /|r n a Jt )(*)|''|fl*Wrd*< E Kill* IMA) 111 

The boundedness assumption on T^ and (15) yields 



\T a f(x)\ r dx<\a\' pjmN £ (1 + \k\r Nr \\f\\ r u «||/||£ ? . 

fceZ" 

In order to finish the proof we have to show that 7^ defines a bounded operator on L q , 
for 1 < g < °°. By Lemma 3.1 we can assume without loss of generality that 

(p(x,Z) = \ir{x,Z) + (t(x),Z), 

with a smooth map t : R" ->• M". 
For/ £C "(t") one has 

(17) T n {f){x) = ^-J 11 ^)e^^e i ^^M)^ = J K(x,t(x) - y)f(y)dy, 
with 

(18) K(x,z) = ^/^ly^V^^. 

Now, it follows from Lemma 4.1 that for any a <G (0, 1), there exists a constant c such that 

|^,z)|< c (l + |z|)-«-«, 

and therefore sup x f |/f(x,t(jc) — y)|dy < °°. This yields the boundedness of the operator 
Tij on L°°. Moreover using the change of variables z = t(x), the SND condition yields that 
|detZ)t(x)| > c > 0. Therefore if we denote the Jacobian of the change of variables by J(z), 
J. Schwartz's global inverse function theorem [21, Theorem 1.22] implies that t is a global 
diffeomorphism on M" and |det7(z)| < 1/c. Thus 

sapf\K(x,t(x)-y)\dx = sapf\K{t- 1 {z),z-y)\\dAJ(z)\dz 

y J y J 

<-sup [(l + \z-y\)-"- a dz<™, 

C y J 

where we have also used (18). Therefore Schur's lemma yields that 7^ is bounded on L' 1 
for all 1 < q < °° and this ends the proof of the theorem. □ 

Now we proceed to the proof of the general case. 

Theorem 4.4. Suppose that < r <°°, 1 < p,q<°°, satisfy the relation - = - + -. Assume 

r cj p 

that ipgO 2 satisfies the SND condition and let a £ U'S'p with < p < 1 and 



(19) m < - 



P 
(?i-l) /l 1 \ n(p-l) 



s mines') 



10 
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where s = min(2,/7,g') and j + A = 1. Then the FIO T a defined as in (6) is bounded from 
U to U. 

Proof. We shall assume that q < °o. The case q = °° is proved with minor modifications in 
the argument, so we omit the details. We would like to prove that 

\\Taf\\ L r { M»)<C\\f\\Lnm»)> fora11 /eQ7(R n ). 
To achieve this, we decompose T a as in (7) in the form 7b/ + £°° =1 £ v Tj f(x). By Theorem 
4.3, the first term Tq, satisfies the desired boundedness, so we confine ourselves to the 
analysis of the second term. Here we use the representation (11) of the operators TJ 
namely 

T Jf^) = -pLiif A V j( X ^)e^^^J^M)d^ [ Kj( X ,(V^)( X ,^)-y)f(y)dy, 
J [znr Jw J Jw j * J 



where 



Kj( X ,z)^j^-f A]{x^)e'^d^. 
1 (2n)" Jw< J 



Let L be the differential operator given by 

L = I-2 2j 



HI 



-!■'&!,. 



Using the definition of A v - (x, B, ) in (8), the assumption that a <G LfSp together with (4), (5), 
and the uniform estimates (in x) for 4>(x,^) in (9) and (10), we can show that for any v 
and any ^ <G supc A v - 

\\L N A]{-^)\\ LP <C N 2^ m+2N{x -P^. 

Let tj(x) = (V^(p)(x, %J) and a e (0,°°). As before, the SND condition on the phase 
function yields that | detDtJ(x)| > c> 0. Setting 

gW = (2 2 ^ + 2 V| 2 )f, 
we can split 



I1+I2 



Kj(x,y)f(t v j(x)-y)\dy 



lg(y)<2-lP Jg(y)>2-JP 

= Z,[\K](x,y)f(tV(x)-y)\dy. 
v J 

Holder's inequality in v andy simultaneously and thereafter, since 1 < s < 2, the Hausdorff- 
Young inequality in the y variable of the second integral yield 



Ii < 



< 



£/ . \f(t v j(x)-y)\ s dy 



£/ . \f(t](x)-y)\ s dy 



ZflKjix^fdy 



WfrSWdS 



If we now set Fj{x : y) = f{t v -(x) —y), raise the expression in the estimate of Ii to the 
r-th power and integrate in x, then Holder's inequality yields that ||Ii \\ L ,- is bounded by a 
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constant times 



(20) 



£/ . \Fj(x,y)\'dy) dr 



j:(/|Aj(*,§)|'d5 dv 



We shall deal with the two terms in the right hand side of this estimate separately. To this 
end using the Minkowski integral inequality (simultaneously in y and v), we can see that 
the first term is bounded by 



y 

T->g(y)<2- ip 



J\Fj{x,y)\ q 6x 
Observe now that, letting t v Ax) = t and using detDtJ (x) 



> c > 0, we obtain 

(21) (j\F?(x,y)\*dxy = (/ 1/(* -y)l* |det£>ty(je) | _1 d*) * <^||/II W - 

Thus, the first term on the right hand side of (20) is bounded by a constant multiple of 



(22) 



T J g(y)<2- JP . 



n-\ _ ,-n-j-l 



\f\\ Lq <2^2-i 



. £ dv 



< 2^2-^2-^ \\f\\ Lq . 



I/II 



L'l 



To analyse the second term we shall consider two separate cases, so assume first that p>s'. 
Minkowski inequality yields that the second term in the right hand side of (20) is bounded 
by 



|AV(*,$)|M$ ck 



I ' 


1 

7 


( 


p 








> < 


* 



|Aj(^)|"dr ^ 



n+1 ,- n-\ 



< 2 jm £ I SU PP A ] I T £ 2Jm2J "*■ 2J ' 



where we have used the fact that the measure of the <!;— support of A^ is <9(2 ; t~). If p < s', 
the second term on the right hand side of (20) is bounded by 



\A]{xM s ^) M <{E 



||Aj(x,§)M P d£ 



<2> m £|suppAj|f <2>2^2^. 
Therefore, (22) and the previous estimates yield 

llli IIl-- < 2 7 '('"- p - + ^(^ + ^(b))) ||/|| w , 
where the constant hidden on the right hand side of this estimate does not depend on a. 
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Define h (y) = 1 + 1 2 h\ + V \y' \ 2 and let M > f s ■ B Y Holder's inequality, 
(23) ||I 2 !| L ,.< /(£/ . |F/(*,y)|'A(y)- rf 'dy)'d* 



I/^^AM^dy r dx 



By Minkowski's integral inequality and (21), the first term of the right hand side is bounded 
by a constant times 

i _ _ i 



(24) 



11/11 



L'l 



I / . h(y)- sM dy 

"vJg[y)>2-iP 



<\\f\\ Lt 2 } ^2 



n-\ -X"+') 



y\>2~i& 



\y\- ZsM dy 



:n-i . -j("+') . ■£/ 



< 11/11^2^2^2^-?). 

In order to control the second term in (23), let us first assume that M <G Z+. In this case, 
Hausdorff- Young's inequality, Minkowski's integral inequality, and the same argument as 
in the analysis of Ii yield 

(25) 



Zf\K}( X ,y)h(yffdy 



dxy < 



W/|L*Aj(,,§)|'dS 



dx 



< 2 )(m+2M(l-p)) 2 ; 2 i i 2' / ' 2 ™W'.p). 

The same estimate for non-integral values of M is also valid by a standard argument, writ- 
ing M as [M] + {M} where [M] denotes the integer part of M and {M} its fractional part 
and using Holder's inequality with conjugate exponents j^y, jztmI an d (25). 
Hence, for every 2M > f , (24) and (25) yield 

WhWzr S 2^ m+2M ^-PH'a( 2M -i)2 j ^^ + ^t7}) \\f\\ Lq , 

with a constant independent of a. Now putting the estimates for Ii and I2 together and 
summing, yield that for any a > 0, 



\ L ]J 7/ ~ I -^ ^ ^^ 



l/l 



L« ■ 



Therefore, letting a tend to 00, we obtain 



|| <2 ;[ m+ 2M(l-p) + V({ + ^ 7 y)]| 

J J \\JJ r*j 



/II 



Li ■ 



Now if we let R = min(7, 1 ) , we obtain 






<L ll^/||J<E2 

L r 7=1 ;=1 



*"^(i + =fc7)^ 2 "< , -rtJ||/|fi<||/|£ ! 



provided m< -2=± (7 + min( py j +2M(p - 1), for some 2M > 2, which exists by (19). 

D 

In the case of q = 2 < p, Theorem 4.4 can be improved, but before we proceed to that, 
we will need a lemma. 
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Lemma 4.5. Let 2 < p < °o, < p < 1, a € LPS™ and r = fy- For f E C^(W), a real 
number M > n, and all multi-indices a,/3 with [5 < a, set 



2m-p|a| 



(26) H™f(x£) = \dla{x,£,)\j {l+^\ X ~y\y M \d^a(y^)\\f(y)\dy. 

Then for every f G L r 



<C M |a 



p,m,\a 



2~>*(S 



\f\\r/- 



Proof. Since i = -i + j, Holder's and Minkowski's inequalities yield 



H^f(-A) ,<\\dia(^ 



\LP 



(l + 2 J\y\) M \d^a(--y,^f(--y)\dy 

<\\dJla(-,t;)\\ L ,, J (l+2i\y\y M dy\\fd^a(-,t;)\\ L2 
<CM2-n\dla(^)\\ L „\\fd^a(-^)\\ L 2, 



L'- 



providedM > n. On the other hand, since \ — j, + 7, Holder's inequality yields 



)CC-P 



a-p 



fd^ p a{-^)U<\\f\\ L A\df P a(;t;)\ 



IP- 



Therefore, since a G LPS m one has 



<V(^) 



<C M \a\ 



p,m,\a—P\ \ a \p,m,\ 



y-jn /e\2m-p|a| 



l/IU. 



from which the result follows. 



a 



Theorem 4.6. Lef 2<p<°° and define r = -^. Asrame f/taf ^e$ 2 satisfies the SND 



p+2- 

condition and let a G VS'p with < p < 1 a/iaf 

^ n(p-l) 
m < . 

2 

77ien f/ie /-TO T a defined as in (6) is bounded from L to U . 

Proof. We define a Littlewood-Paley partition of unity as in (3). Let aj (x, t, ) = a (x, t, )m } ■ (| ) 
for 7 > 0. By Lemma 2.5, aj G L p S" p ' and for any s G Z + sup ;>0 a; | ^ v < |a|_ m s . 

That r ao satisfies the required bound follows from Theorem 4.3, so it is enough to 
consider the boundedness of the operators T a . for j > 1 . To this end, we begin by studying 
the boundedness of Sj = T aj T*.. A simple calculation yields that Sjf(x) = f Kj(x,y)f(y)dy 
with 



Kj(x,y) 



1 



A9M)-9(y,?))„. 



aj(x,Z)aj(y,Z)d%. 



A ""' (2n) n , 

Now since <p is homogeneous of degree 1 in the ^ variable, Kj(x,y) can be written as 

2 jn 



Kj(x,y) 



(2tt)« 



mj(x,y,2 J ^e al ^ x ' y ^d^. 



with <P(x,y,^) = (p(x,^) — (p(y,t;) and m ; (x,y,^) = aj(x,^)aj{y, tf). Observe that the ^ - 
support of mj(x,y,2J^) lies in the compact set .Jf~ = {j < \E, \ < 2}. From the mean value 
theorem, (1) and (2), it follows that 



(27) 



\V%$>(x,y,Z)\ «|*-y|, foranyx,yGR"and£ € Jf . 
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We claim that for any M > n there exists a constant Cm depending only on M such that 
(28) \\Sjf\\ Lr < C M \a\ 2 pMM]+1 2^2^-P) y^ , for any / G L <\ 

where [M] stands for the integral part of M. 

i 1 2 

Assume first that M > n is an integer. Fix x ^ y and set {£, ) — <&(x,y, | ), *P = Vc . 
By the mean value theorem, (1) and (27), for any multi-index a with \a\ > 1 and any 



d^m) <|V{*(x >y> §)l=^ 1/2 - 



«-£, 



On the other hand, since 5| ! ^' = E/= l E (|) ^ ^j $ d t d ^' k foll ° ws that > for any \a\ > 



0. 



d|"F 



< *P and the constants are uniform on x and y. Thus (27) and Lemma 3.2 with 



F = mj(x,y,2 J %), yield 

|^(x,y)|<2^2-^C M ,x L 2^1 /|^m 7 -(x,y,2^)||V^(x,y^)r M d^ 

a|<M ^ 

<2-J M \ x -y\- M £ 2MJ dgmj(x,y,S) d|. 



a|<M 
a|<M 

On the other hand 

\Kj(x,y)\< [\mj(x,y,!;)\d!;< £ 2^1 / a>fm;(*,y,§) d$. 
^ a|<M ^ 

Therefore 

(29) |^(*,y)| < (l+2'\x-y\y M £ 2^1 / |dfm y (x,y,§)| d£. 

Now since 

(30) ;}«»..^,, .n ^- V ( a l ^ 

we obtain that 
(31) 



a <M 



d^mj(x,y^)\ < E [£) \d^ aj ( X ,^d^ aj (y^) 



\a\<M P 



a 



\Sjf(x)\< L I(")2^L ^<V(*,^, 



7|«I 



where, H M ' P is defined as in (26). Hence, Minkowski's inequality, Lemma 4.5 and (31) 
yield 



\Sjf\\ L r<CM I l(]P 



\a\<M 



p,m,\a 



2J\a\2~i n 



\2m— p\a\ 



t\~V 



^ ll/IL' 



(32) 



<CM\a\\ mM 2^ m £ 2' a '2^l( 1 -P)||/|| L , 

a|<M 
<CM\a\l mM 2 2] '"2 mi - p) \\f\y. 
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Assume first that M > n + 1 is a real number. Writing M = [M] + {M} as the sum of its 
integer and fractional parts, the estimate (32) yields 



He f\\ He fll'-W He f\\W ^ („ i_|2 r,2jm n /Mfl(l-p) n f \\ 

\\ S Jj\\u = \\ S Jj\\u \\ S jf\\u - y c [M\\ a \p,n\M] 2 2l J 11/ Hz/ 

x(qM 1 + 1 |o|L,[M ] + .2 2 ^M + 1 »( I -'"|| / !| L ,) {M} 

< ^ |«ll„,, [M]+1 2 2 ^2^ 1 -P) 11/11,,. 
Assume now that « < M < n + 1 . Then writing M = n + {M} and letting 



1-{M} 



«>(*,»= EKJj^ 



|a|</ 



a 



^(^Jf^^) d§, 



we see that (29) and (30) with n and n + 1 yields 



|JT,(* >y )| = |^(^)| WM} |^(^)| {M} 



-A/ 



<i? n (x,y) 1 -Wl? w+ . 1 (jc,y)W(l+2^|jc-y|)- 
Hence, applying Holder's inequality with the exponents jkr and rrfm we 8 et 



i/W| < ^^(x,y)(l+2^|x-y|)- M |/(y)|dy 

x("|^ +1 (x,y)(l+2>|x-y|)^|/W|dy 



{M} 



and another application of the Holder inequality with exponents -r^y and l _\ M \ yields 

\-{M) 






jR„(;y){l+V\--y\)- M \f(y)\dy 



jR„ +i (- 7 y)(l+V\-~y\)- M \f(y)\dy 



{M} 



V 



Therefore, Minkowski's integral inequality and Lemma (4.5) yield 
\\Sjf\\ L r<C M \a\l mA+l 2V m V M ^\\f\\ L , 



T a )f 



2 2jm 2 JM(l-p) ||y||2 



■■ M(l-p) 



for all f £ L r . Thus, using (28), we obtain 

2 

l2 = (f,T aj T*.f) < \\fWyi \\Sjf\\ Lr < C M \u 

and so 

\\T aj f\\ Lr <C M \a\ pMm+l V'"V--T- \\f\\ L2 , 

for every / e L 2 . 

Now if p = 1 and m < we see that the sum of the Littlewood-Paley pieces T Uj con- 
verges and therefore T a is a bounded operator from L 2 to U . In case < p < 1 then the 
condition m < |(p — 1) implies that there is a Mq with « < M$ < j^§- So by choosing 
M = Mo, we have 

(33) 



.Mn(l-p) 

lV||tf<2' M 2^-S-||/| 



z-- 



with 2m + Mo ( 1 — p ) < 0. This and the summation of the pieces yield the desired bound- 
edness of T a . □ 
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Here, we shall define a couple of parameters which will appear as the order of our 
operators in the remainder of this paper. 



Definition 4.7. Given 1 < p,q <°° define 

"(P-l) _ ("-!) (l i 1 

min(p,<y) 2 yp rmn(p : q) 

"(P~') _ („ _ \\ (L _ I 



if 1 < p < 2, or p > 2 and I <q < p'; 



^"^(i-j). Vp>2andrf<q<2. 

Furthermore given I < q < 2 we set 

^{p,p,q) = -i i - — — - - - 

9 l + l/p\? 2 

Interpolating the result of Theorem 4.6 with the extremal results of Theorem 4.4 using 
Riesz-Thorin and Marcinkiewicz interpolation theorems yields: 

Theorem 4.8. Suppose that < r < °° l<q<°°, 2<p<°° satisfy the relation - = - + -. 
Assume that (p S <t> 2 satisfies the SND condition and let a <E L p S"p with < p < 1 and 
m< Y\(p,p,q). Then the FIO T a defined as in (6) is bounded from L q to U. Furthermore, 
when 1 < q < 2 and 

r\{p,p,q)<m<JZ{p,p,q), 
the FIO T a is bounded from L q to the Lorentz space L r,q . 

Observation 4.9. In theorems 4.3, 4.4, 4.6 and 4.8 we can replace the assumption of strong 
non-degeneracy of the phase function with the mere non-degeneracy condition, but then we 
need to add an extra assumption of compact support of the amplitude in the x-variable. 

4.2. Boundedness of I'DOs. A careful look at the proof of Theorem 4.4 reveals that in 
the study of rough I'DOs the Seeger-Sogge-Stein frequency decomposition is unnecessary, 
and it suffices to use a Littlewood-Paley decomposition. Therefore with minor modifica- 
tions, the proof of the aforementioned theorem carries over to the case of 'I'DOs, with the 
difference that there will be no contribution (loss of derivatives) due to the existence on a 
non-linear phase function in the operator. So, we obtain the following result which extends 
those in [18, 19]. The details are left to the interested reader. 

Theorem 4.10. Suppose that < r < °°, 1 < p,q < °°, satisfy the relation 7 = 7 + 7;- Let 
a e L''S™ with 0<p<land 

„ "(P-l) 
mm(2,p,q) 

Then the pseudodifferential operator T a f{x) = f a(x,^)e'( x '^<f(^)d% is bounded from L q 
to U. 

Observation 4.11. Observe that for p = °° and q = 2 the result is sharp (see [18]). 

5. Applications to the boundedness of multilinear Pseudodifferential 
and Fourier integral operators 

Before we state and prove the boundedness results for multilinear operators, we shall 
define the classes of symbols (or amplitudes) that we are concerned with in this paper. The 
following definitions, given for a fixed natural number N > 1, extend definitions 2.1 and 

2.2. 
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Definition 5.1. Given m G M and p,8 G [0,1], the amplitude a(jc,|i,. . . ,^) G C°°(R' ! x 
R"") belongs to the multilinear Hormander class S'" s (n,N) provided that for all multi- 
indices p\ oti, . . . , OJat in Z'_j_ it verifies 



(34) 



^...d«»«(^i,..,£v) <c ai ^(i+i^ii+-+i^ir pE ^i^i + ^ 1 



We shall also use the classes of non-smooth amplitudes one of which is defined as 
follows: 

Definition 5.2. Let m = (m\ , . . . , m^) G Mr and p = (p\ , . . . , p^) G [0, 1]^. The amplitude 
a(x,^i,...,^ff), defined for x,£,\,. .. ,£# EM", belongs to the class iJ^S'Sfa^N) if for any 
multi-indices cti , . . . , 0!;v !n %+• there exists a constant C ai aN such that 

(35) \\d^...d^a(-^ u ...^ N )\\ <C ai a^n^r^l^l. 

7=1 

We remark that the subscript II in the notation L^S'S («, 2) is there to indicate the product 
structure of these type of amplitudes. From now on, we shall fixN >2. 

Example 5.3. Any amplitude in the class S\ i(n t N) considered by Grafakos and Torres 
in [15], belongs to L^S,,""\l(n,N). 

Example 5.4. Let aj(x, £,j) G L p >Sp' for j = 1 , . . . ,N, be a collection of linear amplitudes 
and assume that - = Yfi=i ■ Then the multilinear amplitude Ylj=i a j( x i^j) belongs to 
the class ^j;-Xf(n,AT). J 

Also we have the following class of non-smooth amplitudes introduced in [19]. 

Definition 5.5. The amplitude a(x, £,\, . . . , £,n), defined for x,^i,...,^/ G W, belongs to 

the class L p S'p(n,N) if for any multi-indices CCi,...,CCn there exists a constant C ai a N 

such that 

(36) 



d£. ..*£<,(.,&,...,&) Lp <c ai ^(1 + ^1 + .. . + |^|)*-p^iN. 

Example 5.6. It is easy to see that ifm < 0, nij < Ofor j = I, . . . ,N and p G [1 , °°] , then 
LPS m p {n,N)C ^ : ^\n,N). 

nt\-\ \-mj^=m 

Moreover, for any p, 5 G [0, 1], S" s (n,N) C LTS^(n,N) . 

5.1. Boundedness of multilinear FIOs. In this section we shall apply the boundedness of 
the linear FIOs obtained in the previous section to the problem of boundedness of bilinear 
and multilinear operators. 

To any class of the amplitudes defined above we associate the corresponding multilinear 
Fourier integral operator given by 

(37) T a (f u ...,f N )(x)= [ a(x^ u ...^ N )e^U^^flf^ J )d^...d^ N . 

At this point, for the sake of simplicity of the exposition and until further notice, we 
confine ourselves to the study of boundedness of bilinear operators. Here, using an iteration 
procedure, we are able to reduce the problem of global boundedness of bilinear FIOs to 
that of boundedness of rough and linear FIOs. Our main result in this context is as follows. 
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Theorem 5.7. Suppose that < r < °°, 1 < p,qi,q 2 < °°, satisfy that - = - + -f- + — 
and q\ = max (q 1,(72) > p' ■ Assume that (pi,q>2 G < t > satisfy the SND condition and let 
a € L^S^' 1 ^ (n,2) with 0<p u p 2 <land 

m\ < P1(pi,p,#i) and m 2 < M(p 2 ,r 2 ,^2), 
with — = - + —. Then the bilinear FIO T a , defined by 

(38) Uf,g){x) = /'/a(^§,77) e ^^)+^^)/(§)|(rj)dCdrj, 



satisfies the estimate 

\\T a (f,g)\\ L r < C„,„ ||/|| in \\g\\ Lt2 , for any /, g G q°(R"). 
Moreover, if 1 < ^2 < 2 < r%, 

mi<n(p u p,qi) and P1(p 2 ,r 2 ,<72) < m 2 < .-#(P2,^2,?2), 
f/zen 

\\T a (f,g)\\ L ,n <C a , n \\f\\ m \\g\\ m , / O r^/,g£C "(R"). 

Proof. Forany/,geq°(R n ) set a/ (a:, 77) =/c^^)c(x,^,T])/(§)d^. Observe that the 
amplitude 55 «(■ , % , 7] ) G L p 5p,' if T] is hold fixed, and moreover for any s <eZ + , 

|A"a( v ,T?)| <c as (Tj)" ,2 -'' 2 l a l. 

Thus, depending on the range of indices, we apply Theorem 4.4 or Theorem 4.8 to obtain 

IK«/(-^)|| Lr2 <(^r 2 - p2|a| ll/iu, 

providedmi < Y\{p\,p,q{). This means that a/- G L'' 2 Sp^ and for any s G Z+, 

|flf I 5, II f llf/i • 

J I'"2,m2,i r%J " J " L ' 

Now applying either Theorem 4.4 or Theorem 4.8 again, we obtain the desired result. □ 

Corollary 5.8. Suppose that < r < °°, 1 < 91,92 < °° satisfy the relation - = 1 . 

Let g'max = max(^i,^2) and q^a = mm(qi,q2). Assume that (pi,q>2 G <& satisfy the SND 
condition and let a G LTS'p (n,2) wzf/z < p < 1 anof 

m < PI (p,°°,q max ) + PI (p,9max,9min) • 

TTzen z7ze bilinear FIO T a defined by (38) satisfies 

\\Ta(f,g)\\ L r<C a , n \\f\\m \\g\\ L n, foranyf,geCo(W). 
Moreover, ifl< q m m < 2 < 9 max ana? 

P1(p,°°,9max) + P1(p,9max,9min) <m< M(p,~,9max) +.-#(p,9max,9miii), 

f/zen 

IIW>s)IIl^ < C fl ,„ ||/|| L?1 ||g|| L?2 , /or a«y /, g G C^K"). 

Observation 5.9. In the case p = I, r =1 this corollary yields a global bilinear I , x I , — > 
L extension of Hormander and Eskin 's local L boundedness of ze roth order linear FIOs 
(see [11,17]). 

L. Grafakos and M. Peloso [14] proved the local L l x L°° — > L 1 a«<i IT x L — > L 1 
boundedness of bilinear FIOs with non-degenerate phase functions of the form 0(jc,£,T7) 
and amplitudes in S'" (n,2) under the assumption m < — n+ \. Our Corollary 5.8 yields the 
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global LP x L°° — > LP and If x LP — > LP (1 < p <°°) boundedness of bilinear FIOs whose 
phase function is of the form q>i(x,%) + (^(x, Tj), provided that m < — (n — l)(j + |^ — ||). 

Here we would like to mention how Theorem 4.8 above can be used to extend a cou- 
ple of known results in the literature. In [14] Grafakos and Peloso showed the following 
theorem: 

Theorem 5.10. Let a{x,E,,r\) G S'" (n,2) with compact support in the spatial variable 
x. The the corresponding bilinear FIO defined by (37) with phase functions q>\ (x, t, ) and 
(p2(x,r\) satisfying the non-degeneracy condition, is bounded from L qi x L qi — > U with 

1 = - and 1 < q\ , qi < 2, provided that the order m < — (n — 1 ) I (- 9 ) + ( 9 ) 

Furthermore, F. Bernicot [6] obtained the following sharp proposition concerning bilin- 
ear multipliers (which are in turn a subclass of bilinear pseudodifferential operators): 

Proposition 5.11. a be a multiplier in o G Sr-,'Mn,2), i.e. a bounded function on Mr such 
that 

Va,/3>0 rfcr(§,77) <(l + \!;\r lal (l + \ri\r W - 



L = ± + ± 
bilinear pseudodifferential operator T a is continuous from H s ' qi x H sqi to IP. 



Let 1 < p , q < 00 be exponents such that < - = 1 . Then, for any s>0, the associated 



Here, the Sobolev space H sp is the space of tempered distributions / such that (1 — 
A) 2 f(x) belongs to LP . 

The following theorem yields the sharp boundedness of a rather large class of rough 
multilinear Fourier integral operators on U spaces for < r < °°. Apart from the global 
multilinear generalization of Theorem 5.10 above, it also extents it to the class of rough 
symbols with product type structure and all ranges of qi's and q2'&. 

Moreover, our result also yields a generalization of Propos ition 5 . 1 1 to the caseof rough 
multilinear FIOs. In the case of operators defined with phase functions that are inhomoge- 
neous in the ^-variable, we are also able to show a boundedness result in case the multi- 
linear operator acts on L functions. 

yN m . 

Theorem 5.12. Let 1 < p < °° mi < 0, /' = 1, . . .N, and suppose that . i=l J — > -. 

— ' — ' J ' •> ' ' ri' minj = i ffirij — p 

Assume that the amplitude a(x, E,\,. . . ,<^v) G Ljl^i] ' '"i'i " \ n ^) an d the phase functions 
(pj G <& , j = 1, . . . ,N, satisfy the SND condition and belong to the class 4> . 
For 1 < qj < oo in case p = °° ; and 1 < qj < °° in case p ^= °°, j = I,. . . ,N, let 

11*1 



r P 7 w 9j 



Then the multilinear FIO 



(39) T a {f u ...J N ){x) = / a{x^...^ N )e'^-^ { ^ ] \[f^j)A^ . . .d| 

satisfies the estimate 

\\T il (fu---,fN)\\ L r<C a . n \\f l \\ Lqi ...\\f N \\ LW , 

provided that 

mj<n(l, p(X %= imk) , qj ), forj = l,...,N. 



,N- 
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' 2 ^ s , r 2 



Furthermore, T u with a £ L°°S'i(n, N) is bounded from L x ■ ■ ■ x L — > L^ provided that 
m < a«t/ f/ze phases (pj £ C°° (R" xl") satisfy the SND condition and | <9 " <9f <Pj (x, § ) | < 
C, a pfor j = l,...,N and all multi-indices a and fi with 2 < \<x\ + |j3|. JVofe /« tftw case, 
we do not require any homogeneity from the phase functions. 

Proof. We will only give the proof of the theorem in the case of bilinear operators, since us- 

i 
ing the well-known inequality Y,j>oUi<k<N \<*j,k\ < Ui<k<N (L 7 >o \ a j.k\ 2 ) 2 and the Holder 
inequality in (41) below yield the result in the multilinear case. 

Let us start by clarifying the sharpness of the theorem in the case p = °°. The reason 
behind this claim is a result of L. Grafakos and N. Kalton [13], which states that there are 
bilinear symbols in the class S ( .'l(n,2) for which the associated bilinear pseudodifferential 
operator is unbounded. Since bilinear ^PDOs are just a special case of bilinear FIOs, and 
the class SL'J(n,2) is a subclass of L^S^'Mn, 2), we can deduce the desired sharpness. 

Now let {^}y>o a Littlewood-Paley partition of unity in R 2 " as in (3). Let for j > 0, 
aj(x, 4,77) = a(x,| , T7 ) X P ; -(| ,7?). Then we have 

Ta(f,g)(x) = £2 2 > [[aj(xa J SaW(2 J S)8P J ri)e* i ^ ) ^^ v) #d , n- 
j>0 JJ 

Now since for any j > 0, *Py(2^ ,2 J 7j) is supported in B (0,2) c T 2 ", following the argu- 
ment in Theorem 4.3 and expanding the amplitudes in Fourier series, we obtain 

aj (x,2 J ^2 j n)= L < / (x) e '^>+'^>. 
(k,i)ez 2n 



Moreover, for any natural number M > 1 , we have 

/t 2 " 



aUx) 



< 



l + \(k,l)\ a,+ai=a;\a\<M 



d*d?(oj(x,2 J Z,2 J Tl)) d^dT], 



and 



(40) 



\4A» ^ 



i 



,i/ 



< 



1 + |(k,/)| ai+a 2 =a;\a\<M 
2J(m l +m 2 ) 



T 2 " 



^^ 2 fl7 ^2^,2^)|| L ,d^d77 



1 + |(*,/)| 



M ■ 



We now take a £ £ C^(W) equal to one in the cube [—3,3]" and such that supp £ C T". 
This yields 

T a {f,g){x) 

= E £</(*) //C(2-^)C(2-^)^ 2_JW> «' <2 "^ > /(«)f(Tj)^ ( ^ ) ^ ( ^ ) d5d77 

(kj)ez 2 »j>0 JJ 

= £ £ sgn (<,(*)) r , (/)(x)r f (,)(,), 



where sgnz = z/|z| if z 7^0 and zero elsewhere, 0^) (x,§)= a^/M 



£(2-^y< 2 ~^>, 



»W 



ei'f(x,n)= aUx) 



m i +ni2 



C(2-Jri)e i( ' 2 JLr l), and r o; i (resp. r„;,2 ) stands for the FIO 
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with amplitude dt, (resp. 9[) ) and phase function <p\ (resp. (fe). If we let i? = min(l,r), 
then the Cauchy-Schwarz and the Holder inequalities yield 

(41) 



\\T a (f,g)\\lr< I 

(k,i)ez 7 

where - = — + — , and 



E 

<j>0 



1 1 



T eiiJ^ 



ni\ 



1 


R 




T 




fc 


/ 


L r l 


\j>0 



1 1 



Telf^isKx) 



in 2 



i R 
2\ 1 



L n - 



r\ qy p(m l +m 2 ) 1 r 2 q 2 p(mi+m 2 ) 

Khinchine's inequality yields 

2\ 1 



E 



^..ww 



< 



;>0 *■' ^' 



L2,(R«x[0,l]) 



where {£/(?)}./ are the Rademacher functions. Observe that the inner term is a linear FIO 
with the phase function q>\ and the amplitude 

°h<f> x £) = E ^j(tKl(xA), t e [0,l],x,S € M". 

Picking si,s 2 sucn that m,- < Sj < M(l, mx m ,q_i), for i = 1,2, then since supp£ c 
B(0,4y/n), one can see that for any multi-index a 

with a constant which is uniform in j and t. In particular, al , GL '" ] S^ 1 and 

(§>'i-M(l + |*|l 



%°v(t,x,s: 



p(m l +m 2 ', 

L '"1 



< 



1 + 1*1' 



M\ "H +'"2 



By the hypotheses on nti,m 2 , we have that 7 ^'"' '" 2) > 2, and therefore Theorem 4.8 yields 



< 



1 + 1*1 



M | 



Z/l(M»x[0,l]) (l + |*| 



"I 



ll/llwi . 



M \ m 1 + m 2 



E^(0^,„(/)(+ 

;>0 * J T1 



for a certain natural number M\ . Arguing in the same way with the second term of (41) we 
have 

/(i+i*i M ')(i+kr 2N )\ fi 

\\Uf,g)\\l< E v ,m,V II/II&IWI&- 

(*,/)ez2» y i + |(fc,/)| y 

Therefore by choosing M large enough, we obtain the desired boundedness result. 

The last assertion is a direct consequence of the method of proof of the first claim, and 
the L 2 boundedness of oscillatory integral operators with amplitudes in Sq and strongly 
non-degenerate inhomogeneous phase functions satisfying the hypotheses of our theorem, 
which is due to K. Asada and D. Fujiwara [2]. The proof of the theorem is therefore 
concluded. □ 
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Observation 5.13. The theorem above does not cover the cases p = °° or when at least 
one cjj = oo, but Theorem 5. 7 fills that gap at least in the bilinear case. 

An immediate consequence of the theorem is the following extensions of Theorem 5.10 
and Proposition 5.11 due to Grafakos and Peloso [ 14] and Bernicot [6] respectively. 

Corollary 5.14. With the same assumptions as in Theorem 5.12, we have that the multilin- 
ear FIO T a is continuous from H H xn x . . . x H SN:ClN to U for every Sj > Ofor j — l,...,N, 

provided that mj < M (1 , pil *= imk) ,qj)forj=l,...,N, 
Proof. It suffices to observe that, for Sj > then 



J (i,...,i) 

7=1 

and apply Theorem 5.12. □ 

Corollary 5.15. Let < r < °°, 1 < qi,...,q^ < °o satisfying j = Y/J=i ■ Assume 

that (pj 6 <P 2 , j — 1,. . . ,N, satisfy the SND condition and belong to the class <I> 2 . If 
aeL°°S'{ , (n,N)with 



1 1 
qj 2 



'l 

N 

m<-(»-l)£ 
then the multilinear FIO given by (39) satisfies the estimate 

\\T a {f\T--jN)\\u < C a .n\\fl\\ L 1\ ■■■H/atIIlW ■ 

Proof Indeed if p = °° and p = 1 then PI ( 1 , °°, g ; - ) = — (n— l)|Jr — \\ an d since according 

to Example 5.6, L°°S™(n,N) C V\ mi +...+ mN=m I-^S"^ l ""^ N (n,N), for m.j < 0, the previous 
theorem yields the result. D 

5.1.1. Boundedness of smooth bilinear FIOs. 

Theorem 5.16. Let 1 <q\,qi <°°and0< \ — 7- + 7-- Assume that (pi,(f>2 £ <$> 2 satisfy the 
non-degeneracy condition and let a £ 5"' l _ (n,2) with i < p < 1, is compactly supported 
in the x-variable and 



m < min (p — n) 



+ r\(p,q h q 2 ),(p-n) 



1 1 

q 2 2 



KP,l2,qi) ■ 



1 1 

q\ 2 

Then the bilinear FIO T a defined by (38) satisfies 
(42) \\Uf,g)\\ Lr <C a . n \\f\\ m \\g\\ m , for every f, ge Co (R"). 

A global L x L to L boundedness result is valid for q>\ , (f>2 € <& satisfying the SND 
condition and a <= S"' g (n,2) with < p,5 < 1 and 

nip — 1) nminfp — 5.0) 
m < -¥- — - + ^- — . 

2 2 

Proof. Let m be as in the statement of the theorem. Let % G C°°(R) such that < % < 1' 
supp^ e [-2,2] andj(i) +%(l/s) — 1 for s > 0. Define 

f (E) 2 \ f(ri) 2 

ai{x,£,-n)=a(x,%,Ti)x I -7-72 ) ' a 2(*,§,T?) =a(x,£,T])x ' 
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It is easy to see that 01,02 € S™ l _ p {n,2) and a\ +02 = o. So, it suffices to prove that T a[ 

and T„ 2 satisfy (42). Observe that since oj is supported in the region \t, | < 1 +2 |tj| , one 
has for any multi-indices a , /3 , 7, 



^^(x^rj; 



< 



\mi— p]oc| 



(»7> 



m 2 -p|J7|+(l-p)|<5 



for m = m\ +1112 with "?i < M(p, 01,02) and »Z2 < (p — n) 



In particular, if we fix 



<!;, <9f 02(x,^,tj) SSp 2 j_o and has compact spatial support. Therefore for fixed g€ C^(]R"), 
[22, Theorem 5.1] implies that 



a g (x^) = ja(x^,r ] )e i ^ x ^g(r ] )dr ] , 



belongs to L«5p' and d^a g (;T]) q < (| 



)'«i p|p| ||g|| L ,, . Then, applying Theorem 4.4 

or 4.8, and taking into account Remark 4.9, we obtain that T cn satisfies (42). The bound- 
edness of T cn is proved in a similar way. 

The last statement is proved in an analogous way, by an iteration argument using [10, 
Theorem 2.4.1] in the first step instead of [22, Theorem 5.1], therefore we omit the details. 

□ 

5.2. Boundedness of bilinear ^PDOs. In this section we shall apply the boundedness of 
the linear 'I'DOs to the problem of boundedness of bilinear operators. 

Following the same idea as in the proof of Theorem 5.7 and using Theorem 4.10 we 
can obtain results for bilinear pseudodifferential operators. In particular, this yields the 
following extension of [19, Thm. 3.3] for the case w = fi = 1. 

Theorem 5.17. Let 1 < p,qi,q2 < °° satisfying the relation - = - + — + — . Let q max = 
max(oj,<72) and q m [ n = min(oj,<72). Assume that q max > p' and let a G L p S'£(n,2) with 
< p < 1 and 



m < n(p — 1) 



min(2,o max ,p) min(2,o n 



P?n 



with the convention that, if p = °° then 



?max+P 



qn 



Then the bilinear ^DO 



(43) T a (f,g)(x)=JJ o(x,^77) e '^ +I "/(^)|(77)d^d77, 

satisfies the estimate 

\\Ta{f,g)\\lT < Ca,n ||/|U \\g\\ L n , for every f, g E C£(R"). 

Theorem 5.18. Let 1 < q\ , o 2 < °°, < r < °o with 7 = 7- + 7-- Suppose that a€S'" s (n, 2), 
<p,5 < 1, d <1 and 

m < n{p — 1 



/ 


1 


1 




1 


1 


max 


— - 










- 


L v 


2 


a\ 




2 


12 



1 



min(2,oi,o 2 ) 



min(p —5,0) 



Then the associated bilinear pseudodifferential operator T a defined by (43) satisfies 

\\Uf,g)\\n^\\f\\L'n\\g\\ Ln - 

Proof. The proof is similar to that of Theorem 5.16, decomposing the amplitude in fre- 
quency regions and using [1, Theorem 2.1] in the first step of the iteration argument and 
Theorem 4. 10 in the second step. □ 
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With the previous iteration argument we can obtain an improvement of [4, Theorem 2]. 

— + — . Suppose that a G S"' 

'11 12 yl P.' 



Theorem 5.19. Let 1 < q\ , qt < °°, < r < °° with \ = j- + j-. Suppose that a&S™ s (n, 2), 



< p < 1, 8 < p, 8 <l with 
m < n(p — 1 



,11 1 , 1\ 1 \ , „ 

max -, — , — ,1 I + - max 1,0 

2 q\ q 2 rj 2 \r 



Then the associated bilinear pseudodifferential operator T a defined by (43) satisfies the 
estimate 

\\Ta(f,g)\\ L r<\\f\\ m \\g\\ L «2, 

Proof. We exclude the case p = 1 and 8 < 1 since it lies in the realm of multilinear 
Calderon-Zygmund theory (see e.g. [15]). 

Observe that it suffices to prove the result for p = 8 < 1. Define on S% p (n, 2) xL" xL ?2 
the trilinear operator given by T(a,f,g) = T a (f,g). As a corollary of the previous result 
we have that, T satisfies 

T: S£ p (/i,2)x L°°xL°°^L°° for m<«(p-l), 
T : S™ p («, 2) x L 2 xL 2 ^L l for m < n{ < P ~ l > , 

T: S™ p (n,2)x L l x L 1 ->• l}- for m < ^ P ~ \ 

The first two, jointly with the symbolic calculus in [5] for amplitudes in S% p (n,2) yield 

T : S' p l p («, 2) x L l xL^^L 1 for m < n(p - 1), 
r : 5™ p («, 2) x L°° x L 1 -)■ L 1 for m < n(p - 1), 

r : S^p («, 2) x L 2 xL°°^L 2 for w < !li£_ii , 

T : S"p\ p («, 2) x L°° x L 2 ->• L 2 for m < "^"^ . 

The result follows by a trilinear complex interpolation argument, taking into account the 
interpolation properties of the class S„ p (n,2) in [4, Lemma 7]. □ 
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